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Abstract

In this paper, we obtained the estimation corresponding to the expected mean square rate of repeated
measurement model depend on maximum likelihood method (MLM), restricted maximum likelihood
method (REMLM) and modified restricted maximum likelihood method (MREMLM), and got eight
cases that were classified into three types.
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1. Introduction

In several areas, such as health and life sciences, epidemiology, biomedical, environmental, manu-
facturing, psychological, educational studies, and so on, repeated measurement analysis is commonly
used. Repeated measurements are a concept used to characterize data in which the result variable
is observed several times and likely under various experimental conditions within each experimental
device. The analysis of variance of repeated measurements, also referred to as randomized designs
of blocks and split plots, [1],[7],[13],[14] .

The maximum likelihood estimation is a method of estimating the parameters of a model. This esti-
mation method is one of the most widely used which selects the set of values of the model parameters
that maximize the likelihood function. Intuitively, this maximizes the ”agreement” of the selected
model with the observed data. It is giving a unified approach to estimation[6], [8], [12].

Many studies have explored the repeated measurements model. for example:

Vonesh and Chinchilli (1997) discussed the univariate repeated measurements model, analysis of vari-
ance model,[13]. Keselman, Algina and Kowalchuk in (2001) Studied the designs of repeated measures
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The various approaches are presented with a discussion of their strengths and weaknesses, and rec-
ommendations are made regarding the 'best’ choice of analysis, [9]. Moser and Macchiavelli in (2002)
used model selection methods for repeated measurements of covariance structure have been explored,
[10]. AL-Mouel and Mustafa, in (2014) studied the sphericity test for one-way Multivariate Repeated
Measurements Analysis of variance mode, [3] . AL-Mouel and Naji, in (2014) devoted to study of
one-way multivariate repeated measurements structure of covariance model, [4]. AL-Mouel and Has-
san in (2016) estimated the repeated measurement model parameters by using maximum likelihood
method, [5]. zgr and et al., in (2020) discussed the non-Gaussian repeated measurement results, they
analyzed the linear mixed-effects models, using maximum likelihood analysis using a general linear
model for expected responses and arbitrary structural models for the covariances within the case,
[11]. In this work, we obtained the estimation corresponding to the expected mean square rate of
repeated measurement model depend on maximum likelihood method (MLM), restricted maximum
likelihood method (REMLM) and modified restricted maximum likelihood method (MREMLM), and
got 8 cases that were classified into three types.

2. Setting Up The Model

The repeated measurement model can be summarized as following:

habc =0+ Ab + Ta(b) + BC + (AB)bc + €abe (21)
where
a=1,...,1"is an index for experimental unit within group (b)”,
b=1,...,J " is an index for levels of the between-units factor (Group)”,
c=1,...,K 7is an index for levels of the within-units factor (Time)”,
have @ 7is the response measurement at time (c) for unit (a) within group (b)”, 6 : ”is the overall
mean”,

Ay : 7is the added effect for treatment group (b)”,
Ta) : "is the random effect for due to experimental unit (a) within treatment group(b)”,
B, : 7is the added effect for time (c)”,
(AB)p, : "is the added effect for the group (b)x time (c¢) interaction”,
€abe 18 the random error on time (¢) for unit (a) within group (b)”.
For the parameterization to be of full rank, we imposed the following set of conditions: ijzl Ay =
0; Zle B. = 0; ZE,]:l(AB)bc =0foreachc=1,...,K
Z(If:l(AB)bC =0foreachb=1,...,]
and let, the €. and m,4) are independent with
€apci-i.d ~ N (0,07) and 7gpyi.i.d ~ N (0,02) (2.2)

The (ANOVA) table of the repeated measurements model is:

E/C;?ir;;(?rf ]lz‘iegécelzrzf Siﬁze Mean Square Expected of Mean Square
Group J—1 SSa % % ;f:lA%JrKaiJraf
Unit (Group) J(I—1) SSx % Koo +o?
Time K—1 SSp 25 ALY B2+ o7
Group x Time | (K —1)(J—1) | SSaxs (Kffﬁ}ﬁl)) (K71§(J71) Zizl Zle(AB)gC +o?
Residual J(K—-1)(I-1) SSe % o;
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The sum of squares due to groups, subjects group, time, group x time and residuals are then defined
respectively as follows:

SSu = IK Y (o = b )* 880 = K0y S0 (han = o)
&g_sz J(he=h)’ SSMB_Iiklgclwm—hb—h +h)°
SS€ - Za:l Zb:l Zczl ( abc — h.bc - hab. + h )

where

h.=1% S Z}]=1 SO | hape : the overall mean.

hy = 75 S K Yabe : the mean for group (b).

b = & S°%  Bape : the mean for a th subject within group (b).
h.= % 25:1 ijl hape : the mean for time (c).

hpe = %22:1 hape : the mean for group (b) at time (c).

IS >
&

Let
Oupe =0+ Ay + Ta(b) + B.+ (AB)bc (23)
represent the mean of time (c) for unit (a) within group (b).
and, let
_%0+§:&AV+§:§:£&WQ +§:€BA+§:§:&€AB (2.4)
a=1 b=1 b=1 c=1
an arbitrary linear combination of parameters 0, Ay, ..., Ag, M1y, ..., T1(5), Bi, ..., Bi, (AB)11, ..., (AB) sk

the best linear unbiased estimators (BLUE’s) of the estlrnable parameters 0 Ab,
Ta )> Be, (AB) and 4. are 6=h Ab by — b oy = (1= 7) (hap. — b))

o= o (A = hpe b —hp — b and e = (1= 1) (Rap— ) + P 2
from the variance analysis (ANOVA) table, we have that
E(MS;) =1, = Ko? + o2 (2.5)
and
E(MS) =1 =0’ (2.6)
since, the ANOVA estimators of 7, and 7. are
* = MS, and 7, = MS, (2.7)
The rate of expected mean squares is denote

Te 0'2

r = Z = —KO—2 :_ 0_2 (28)

note that 0 < r <1 is known iff ¢2/02 is known. And the corresponding estimator of r is

A~ MSe . SSe 1
No.1 T = MS, — S_Swm (29)

These estimates can be beyond the parameter space. To trim the estimated value of 7 by result (9),
we put r > 1, thus obtaining the estimator

No2 7 =min{ £yl (2.10)

the trimmed version, No. 1, is the usual ANOVA estimator.
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We consider maximum likelihood method (MLM), restricted maximum likelihood method (REMLM)
and modified restricted maximum likelihood method (MREMLM) the rate of expected mean squares.
The statistical ﬁ,.ﬁ_b_— h ,he—h_ hy+h_—hy —h. SS. and SS, form a set of complete sufficient
statistics for 0, Ay, Be, (AB)ye, 02 and o2. These six statistics are distributed independently as:

B...c - B ~ N (Bca

B+ =y, = o~ N (AB)ue, (7 4+ 1) (

SS. ~ 1[I = 1)(K — 1)]
S8 ~ Tax?[J(I = 1)]

3\

)

aera?T (31)
1J

Tr

I1JK

+

))

7

where x%(t) a central distribution of chi-square of (t) degrees of freedom indicates. The maximum
likelihood estimators of 0, Ay, Be, (AB)pe, 7e and 7, are determined by the parameter values, which

maximize the function:

L (9, Ab, Bc, (AB)bm Tey Tr ’ h) X

() "

Tﬂ-)_J(I—I) - _ U=k exp {_1 []JK (h _ Q)2 + ngp (}_Lb — fL — Ab)2

2 T T
- - 2 - - - 2
IJK (h.—h._ . — B, IJK (hpe+h.. —hy —h o— (AB)g SS,. S8,
LK 1K (b o= (4B +”
T7r Tﬂ' 7—7'(' 7—6
- - 1 |IJK (h. —0)
L (0, Ay, Be, (AB)pe, e, T | h) (Tw)fw 2 Te) A exp {—5 [ JK (., —9) +

Tr

hy—h. —A) TJK(he—h. —B) TJK (hpet+h. —hy —he—(AB))’
Tr Tr Tr Tr Te
(3.2)

subject to the restrictions 7, > 7. > 0

and the ML estimates of 7, and 7. are these values of 7, and 7. that maximize the function:

o L (7,70 | 1) o =T = o 1) - T bog )+ {3 [ 224 2] 39
log La (Tw,7e | h) = —% {[J(I = 1)+ 2]1log (1) — J(I — 1)(K — 1) log (1) + STSﬂ + STse} (3.4)

subject to the restrictions 7, > 7. > 0

The maximize log L 4 for 7, > 0 and 7. > 0, but the solution can violate the constraint 7, > 7.. If we
neglected the restriction 7, > 7., we would have the following estimator:

SSx

~

Tr

JI—1)+2

B SS.
JI—1)(K —1)

~

Te

(3.5)

}
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Then, the corresponding estimator of r = = would be

5SS, _J(UI-1)+2

The REML estimator of 7, and 7, are defined to be those values of these parameters that maximize
log Lg (7, Te) subject to the restrictions 7, > 7. > 0

log Lg (7, 7c) = ! {[J(I — 1)+ 1log (7)) — J(I — 1)(K — 1) log (1) + SSﬂ—i— SSE} (3.7)

2 Tr T,

The maximize log Lg for 7, > 0 and 7. > 0, but the solution can violate the constraint 7, > 7.. If
we neglected the restriction 7, > 7., we would have the following estimator:
. SSx . SSe

L 7 Vs R s 1 gy 39

Then, the corresponding estimator of r = 7= would be

A 88 JUI-1)+1

For the modification REML technique of estimates of 7, and 7. which depend on the Jeffreys non-
information prior distribution, the Jeffreys prior distribution is:

m (Tﬂ7Te) = (TnTe>_1 (7_7r > Te > 0) (310)
Therefore, the estimators of 7, and 7. are obtained by maximizing the function

SSy S5,
_l’_
Tr Te

1
log Lo (T, Te) = ~3 {[J(I —1)+6]log (1) — [J({ = 1)(K — 1) + 2] log (7.) + } (3.11)
subject to the restrictions (7, > 7. > 0).
The maximize log Lo for 7, and 7. > 0, but the solution can violate the constraint 7, > 7. If we
neglected the restriction 7, > 7., we would have the following estimator:
~ SSx SS,

TN T6 IO (K -1 +2 (312)

Then, the corresponding estimator of r = = would be

s _ 88 JU-1)+6

The three functions log L4 (7, 7¢) ,1og L (7, ) and log L¢ (7, 7¢) are all of the form:

5SS, SS.
+
Tr Te

1
log L = —5 (Ir + kx)log (1) + (I + k) log (1) + (3.14)

where [, = J(I — 1) and [ = J(I — 1)(K — 1) are the degrees of freedom. The choices for k. and k.
that given log L4 (7, 7e) ,log Lp (7, 7c) and log L¢ (7, Te) are:

log La (T, 7e) : ke = 2,ke =0
log Lg (Tn,Te) : ke =1,k. =0 (3.15)
log Lo (T, Te) = ki = 6, ke = 2
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the corresponding estimators of r =

H. A. Kori, A. S. AL-Mouel

Ze would be

The parameter space limits are not taken into account by the estimators and ( and
are therefore not true ML, REML or modified REMLs. It can be seen that the maximum Values of
7, and 7, are subject to the constraints of (7, > 7. > 0 ) are

and

o e >
T fre i fr < S
[ f > F
T fre i fr< S

where [ = (gntntoele) 4nq gi=1li+k,(i=me).

g7\'+g€

The 7, and 7, estimators are given by (26) and (27) result in the following r estimators:

—nin {21}
A

Therefore, the ML, REML and modified REML trimmed-off estimators are:

No.6 f:min{

No.g 7=

SS. J(I—1)+2
SS, J(I - 1)(K — 1) }

No7 7= min{&"”*—l”l), 1}

58 JU-1)(K—1

[ 8s.  JUI-1)+6
mm{ﬁmal}

Notice that they are truncated forms, respectively, of estimators No.3, No.4 and No.5.
The corresponding estimators of 0, Ay, 7o), Be, (AB)pe, Gape and H = 609+Zb‘]:1 Ay

+ Z£:1 Z;le CalyTa() + 25:1 (.B,. + Z;f:l Zle Uyl .(AB)y. are given by [2]

0=h

7A";a(b :_ (1 __72) (Bab _yb)
Ay=hy —h
B.=h.—h

(A
QA _Bbc_’_'ﬁ-a()
H

—59"‘2({1&(}“’ _h )+Zi:1

+ 30 e (e

where (a =1,...,I;b=1,.

yJie=1,.
There are three types of estlmators of 0 Ab, Ta(b

oy bole [(1=7) (hap, — 7.)]

) + Zb 1 25:1 gbgc (B.bc + }_l - B.b - hc) )

, K), for estimators No.1-No.8.
y> Be, (AB)pe, Oape and H as follows:

Type 1: This type consists of estimators as follows

b, =h..
Tra@) = (1= 7) (hab. — 7.
AAl;b = AlA,z B B .

B\l;c = El,z;c = B.c - B

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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(@)l;bc - (ﬁ)l,z;bc - B.bc + B - ]_Z.b. - }_l..c
él;abc = él,z;abc = B + A\l,z;b + ﬁl,z;a(b) + gl,z;c + (AB)l,z;bm

el,z;abc = h.bc + T1,z;a(b)

and
R J ) I
Hy =lo0+ b (hp —h. )+ Y > bl [(1=7) (hap, — F.)]
b=1 a=1 b=1
K J K B ) B )
+ Z gc (Bc - 77/) + gbgc (h.bc + h - h.b. - hc)
c=1 b=1 c=1
with

f1 =7 —zSSE
1 — 11,z — SSW

where (a=1,...,I;b=1,...,J;¢=1,...,K) and z is an arbitrary positive constant. Let 0, = 5171
denote the vector of dimensions n x 1 whose ath component is 6, ..
Type 1 estimators will be called untruncated estimators. This type contains No.1, No.3, No.4,
No.5and No.7.
Tvpe 2: This type consists of estimators as follows:
Oy =h..
7%2;a(b) - (]- - 72) (Bab. - gb) s
AQ;b = AQ,z;b = }_Z.b. — I
BQ;C - B2,z;c - ]_lc - }_7/
(AB)Q;bc - ( )2 z;be — h .be + h - B.b. - B..m
éQ;abc = éQ,z;abc = h + AQ,z;b + 7T2,z;a(b) + BQ,Z;C + (AB)Q,z;bca

>

92,z;abc = h.bc + T2, z;a(b) >

and
N J ~ ~ I J
Hy =00+ by (o = 1)+ le [(1=7) (hav. — 0]
b=1 a=1 b=1
K B B J K ~ B ~ B
+ > le(he=h) + > le (e + D = Ty — D)
c=1 b=1 c=1
with

Iy = Ty, = min z% 1
o =72, = Ssﬂ—’

where (a=1,...,;b=1,...,J;c¢=1,...,K) and z is an arbitrary positive constant. Let 0, = 52,2
denote the vector of dimensions n x 1 whose ath component is 05 ...
Type 2 estimators will be called truncated estimators. This type contains No.2, No.6, No. 7 and
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No.8.
Type 3: This type consists of estimators as follows:

(1@>3;bc - (@)S,Z;bc - h.bc + B - B.b. - B..c

03,z;abc - h.bc + ﬁS,z;a(b)

H. A. Kori, A. S. AL-Mouel

and
Hy =060+ > by (ho. = h.) + > ) ble [(1=7) (hab. — F.)]
b=1 a=1 b=1
K J K
+Z£c(ﬁc_il ..... )“_Znggc(ﬁbc—i_ﬁ_hb_hc)
c=1 b=1 c=1
with

T3 =13, = f3 (55, SS,)

where (a =1,...,I;b=1,...,J;¢c=1,...,K) and f3(z,y) is an arbitrary function of x,y > 0. Let
05 = 05 . denote the vector of dimensions n x 1 whose ath component is 05 .,

This type contains No.1, No.2, No.3, No.4, No.5, No.6.No.7, No.8.

Summary and Classification of Estimators

A full list of the estimators viewed in this paper is as follows:

No.l 7 = M — 55 1 (K >1)

MS. — SS; (K—1)°
PN 7 |
No.2 7 = rrlln{ss7r T 1}
A 88, JUI-1)+2
No.3 7 = gt srnr—1)"

8 _ S8Se_JU-1)+1
No4 7 = S5 5w

. §Ss.  J(I-1)+6
No.5 7 = g5 57 nm-—172

A [ 88 JI-1)42
No.6 7 = min {S—SWJ(FI)(KA), 1}

A SS. J(I-1)+1
NO.7 T = 1min {S—Sﬂm, 1} s

o . fgs.  JUI-1)+6
No.8" = min { S5 TI-N(R-1)T2’ 1}

These estimators were classified into three types: 1,2 and 3.

(K>1and I >1).
(K >1and I >1).
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